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WEIGHTED COMPOSITION OPERATORS BETWEEN
FOCK SPACES IN SEVERAL VARIABLES
PHAM TRONG TIEN1 & LE HAI KHOI2
Abstract. We obtain criteria for the boundedness and compact-
ness of weighted composition operators between different Fock spaces
in Cn. We also give estimates for essential norm of these operators.
1. Introduction
Let Cn be the n-dimensional complex Euclidean space and O(Cn)
the space of entire functions on Cn with the usual compact open topol-
ogy. For a number p ∈ (0,∞), the Fock space Fp(Cn) consists of all
functions f from O(Cn) for which
‖f‖n,p =
(( p
2π
)n ∫
Cn
|f(z)|pe−
p|z|2
2 dA(z)
) 1
p
<∞,
where dA is the Lebesgue measure on Cn. Furthermore, the space
F∞(Cn) is defined as follows
F∞(Cn) =
{
f ∈ O(Cn) : ‖f‖n,∞ = sup
z∈Cn
|f(z)|e−
|z|2
2 <∞
}
.
It is well known that Fp(Cn) with 1 ≤ p ≤ ∞ is a Banach space, while
for 0 < p < 1, Fp(Cn) is a complete metric space with the distance
d(f, g) = ‖f − g‖pn,p.
For each w ∈ Cn, we define the functions
Kw(z) = e
〈z,w〉 and kw(z) = e
〈z,w〉−
|w|2
2 , z ∈ Cn,
where 〈z, w〉 = z1w1+ · · ·+znwn and |w| =
√
〈w,w〉. In the case p = 2,
the functions Kw are reproducing kernels of the Hilbert Fock space
F2(Cn), i.e., f(z) = 〈f,Kz〉 for all f ∈ F
2(Cn) and z ∈ Cn. Moreover,
‖kw‖n,p = 1 for all w ∈ C
n and 0 < p ≤ ∞, and kw converges to 0 in
the space O(Cn) as |w| → ∞.
The Fock spaces and classical operators on them play an important
role in harmonic analysis on the Heisenberg group, partial differential
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equations and quantum physics (see e.g. [20]). From this reason they
have been studied intensively in different directions (see, for instance,
[1, 2, 11, 14] for Toeplitz operators, [16, 19] for Hankel operators, [5,
12] for Volterra-type integration operators, [3, 4, 7, 8, 9, 13, 18] for
(weighted) composition operators).
In this paper we are interested in weighted composition operators
between different Fock spaces in Cn. Note that Ueki [18] investigated
the boundedness, compactness and essential norm of weighted com-
position operators Wψ,ϕ on Hilbert Fock spaces F
2(Cn) in terms of
a certain integral transform Bϕ(|ψ|
2)(z). However, these results are
quite difficult to use, even for composition operators Cϕ, for which
Carswell, MacCluer and Schuster [3] had already provided the criteria
for the boundedness and compactness. Later, Le [13] obtained much
easier characterizations for the boundedness and compactness of Wψ,ϕ
on Hilbert Fock space F2(C). Recently, in [17] the authors extended
Le’s results to Wψ,ϕ acting from one Fock space F
p(C) to another one
F q(C) and stated also simpler estimates for essential norm of such op-
erators Wψ,ϕ. It should be noted that in [13, 18] the techniques of
adjoint operators on Hilbert spaces played an essential role, while in
the context of [17] these techniques do not work and a new approach
is required. The aim of this paper is to develop the study in [17] for
the case of several variables.
The paper is organized as follows. In Section 2 we give some pre-
liminary results about Fock spaces Fp(Cn), operators defined on them
and an extension of [13, Proposition 2.1] to several variables, which
plays a crucial role in our study. Section 3 contains main criteria for
the boundedness and compactness of Wψ,ϕ : F
p(Cn) → F q(Cn). In
this section, firstly we prove that these bounded weighted composition
operators Wψ,ϕ can be induced only by mappings ϕ(z) = Az + b with
an n × n matrix A, ‖A‖ ≤ 1, and a vector b in Cn. Then we use
the singular value decomposition A = V A˜U to reduce the study of
Wψ,ϕ to that of Wψ˜,ϕ˜ induced by the so-called normalization (ψ˜, ϕ˜)
of (ψ, ϕ), where ϕ˜(z) = A˜z + b˜ and A˜ is a diagonal matrix with
1 ≥ a˜11 ≥ a˜22 ≥ ... ≥ a˜ss ≥ a˜s+1,s+1 = ... = a˜nn = 0. From this we
get necessary and sufficient conditions for the boundedness and com-
pactness of Wψ,ϕ in terms of (ψ˜, ϕ˜). In the case when Wψ,ϕ acts from
a larger Fock space into a smaller one, these properties are equivalent.
By this reason Section 4 deals with estimates for essential norm of only
operators Wψ,ϕ : F
p(Cn)→ F q(Cn) with p ≤ q.
2. Preliminaries
In this section we give some auxiliary results which will be used
throughout the paper.
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For each z = (z1, ..., zn) ∈ C
n and 0 ≤ s ≤ n, we denote
z[s] =
{
∅, if s = 0
(z1, ..., zs), if s 6= 0,
and z′[s] =
{
(zs+1, ..., zn), if s 6= n
∅, if s = n,
by convention that |z[0]| = 0 and |z
′
[n]| = 0.
Lemma 2.1. Let p ∈ (0,∞), b = (b1, ..., bn) ∈ C
n, and f ∈ Fp(Cn).
For each 0 < s < n the following statements are true:
(i) The function f(b[s], ·) ∈ F
p(Cn−s) and
‖f(b[s], ·)‖n−s,p e
−
|b[s]|
2
2 ≤ ‖f‖n,p.
(ii) The function f(·, b′[s]) ∈ F
p(Cs) and
‖f(·, b′[s])‖s,p e
−
|b′[s]|
2
2 ≤ ‖f‖n,p.
Proof. Since proofs of (i) and (ii) are similar, we prove, for example,
(i).
Consider the function
F (z[s], z
′
[s]) = f(b[s] − z[s], z
′
[s])e
〈z[s],b[s]〉−
|b[s]|
2
2 , z = (z[s], z
′
[s]) ∈ C
n.
Obviously, for every z′[s] ∈ C
n−s fixed, the function h(z[s]) = |F (z[s], z
′
[s])|
p
is a plurisubharmonic function of z[s]. Using the plurisubharmonicity
of h and polar coordinates, we have∫
Cs
h(z[s])e
−
p|z[s]|
2
2 dA(z[s])
=
∫ ∞
0
...
∫ ∞
0
r1...rse
−
p(r21+...+r
2
s)
2 dr1...drs
×
∫ 2pi
0
...
∫ 2pi
0
h(r1e
iθ1 , ..., rse
iθs)dθ1...dθs
≥(2π)sh(0)
∫ ∞
0
...
∫ ∞
0
r1...rse
−
p(r21+...+r
2
s)
2 dr1...drs =
(
2π
p
)s
h(0).
From this it follows that∣∣f(b[s], z′[s])∣∣p e− p|b[s]|22 = ∣∣F (0, z′[s])∣∣p
≤
( p
2π
)s ∫
Cs
∣∣∣∣∣f(b[s] − z[s], z′[s])e〈z[s],b[s]〉− |b[s]|
2
2
∣∣∣∣∣
p
e−
p|z[s]|
2
2 dA(z[s])
=
( p
2π
)s ∫
Cs
∣∣f(b[s] − z[s], z′[s])∣∣p e− p|b[s]−z[s]|22 dA(z[s])
=
( p
2π
)s ∫
Cs
∣∣f(z[s], z′[s])∣∣p e− p|z[s]|22 dA(z[s]).
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Therefore,
‖f(b[s], ·)‖
p
n−s,p e
−
p|b[s]|
2
2
=
( p
2π
)n−s ∫
Cn−s
∣∣f(b[s], z′[s])∣∣p e− p|b[s]|22 e− p|z′[s]|22 dA(z′[s])
≤
( p
2π
)n ∫
Cn−s
∫
Cs
∣∣f(z[s], z′[s])∣∣p e− p|z[s]|22 e− p|z′[s]|22 dA(z[s])dA(z′[s])
=
( p
2π
)n ∫
Cn
|f(z)|pe−
p|z|2
2 dA(z) = ‖f‖pn,p,
which completes the proof. 
The following two lemmas extend the corresponding results of [20,
Corollary 2.8 and Theorem 2.10] to the case of several variables.
Lemma 2.2. Let p ∈ (0,∞). Then for each function f ∈ Fp(Cn) and
z ∈ Cn,
|f(z)|e−
|z|2
2 ≤ ‖f‖n,p.
Proof. By Lemma 2.1, the function f(·, z′[1]) ∈ F
p(C) and
‖f(·, z′[1])‖1,p e
−
|z′
[1]
|2
2 ≤ ‖f‖n,p.
From this and [20, Corollary 2.8] we have
|f(z)|e−
|z|2
2 ≤ ‖f(·, z′[1])‖1,p e
−
|z′
[1]
|2
2 ≤ ‖f‖n,p.

Lemma 2.3. For every 0 < p < q < ∞, Fp(Cn) ⊂ F q(Cn) and the
inclusion is continuous. Moreover,
‖f‖n,q ≤
(
q
p
)n
q
‖f‖n,p, for all f ∈ F
p(Cn).
Proof. For each function f ∈ Fp(Cn), by Lemma 2.2, we have
‖f‖qn,q =
( q
2π
)n ∫
Cn
|f(z)|qe−
q|z|2
2 dA(z)
=
( q
2π
)n ∫
Cn
|f(z)|q−p|f(z)|pe−
q|z|2
2 dA(z)
≤
( q
2π
)n
‖f‖q−pn,p
∫
Cn
|f(z)|pe−
p|z|2
2 dA(z) =
(
q
p
)n
‖f‖qn,p.
From this the desired results follow. 
Similarly to [17, Lemmas 2.3 and 2.4], we can easily prove the fol-
lowing lemmas.
WEIGHTED COMPOSITION OPERATORS 5
Lemma 2.4. Let p, q ∈ (0,∞), T be a linear continuous operator from
O(Cn) into itself and T : Fp(Cn) → F q(Cn) be well-defined. Then
T : Fp(Cn) → F q(Cn) is compact if and only if for every bounded
sequence (fj)j in F
p(Cn) converging to 0 in O(Cn), the sequence (Tfj)j
converges to 0 in F q(Cn).
For an arbitrary operator T : Fp(Cn) → F q(Cn) that would be not
defined on O(Cn), we only get the following result.
Lemma 2.5. Let p, q ∈ (1,∞). If a linear operator T : Fp(Cn) →
F q(Cn) is compact, then for every sequence (w(j))j in C
n with |w(j)| →
∞ as j →∞, the sequence (Tkw(j))j converges to 0 in F
q(Cn).
Let ψ : Cn → C be a nonzero entire function and ϕ : Cn → Cn
a holomorphic mapping. The weighted composition operator Wψ,ϕ in-
duced by ψ, ϕ is defined by Wψ,ϕf = ψ · (f ◦ ϕ). When the function ψ
is identically 1, the operator Wψ,ϕ reduces to the composition operator
Cϕ. The study of (weighted) composition operators have received a
special attention of many authors during the past several decades (see
[6, 15] and references therein). A main problem in the investigation of
such operators is to describe operator theoretic properties of Cϕ and
Wψ,ϕ in terms of function theoretic properties of ϕ and ψ.
As in [13, 17], the following quantities play an important role in this
paper:
mz(ψ, ϕ) = |ψ(z)|e
|ϕ(z)|2−|z|2
2 , z ∈ Cn,
and
m(ψ, ϕ) = sup
z∈Cn
mz(ψ, ϕ).
The following result extends [13, Proposition 2.1] to the case of sev-
eral variables and plays a crucial role in our study.
Proposition 2.6. Let ψ be a nonzero entire function on Cn and ϕ :
Cn → Cn a holomorphic mapping such that m(ψ, ϕ) < ∞. Then
ϕ(z) = Az + b, where A is an n × n matrix with ‖A‖ ≤ 1 and b is
an n× 1 vector. Moreover, if A is a unitary matrix, then
ψ(z) = ψ(z0)e〈z−z
0,−A∗b〉, for all z ∈ Cn,
where z0 is some point in Cn satisfying ψ(z0) 6= 0.
Proof. We divide the proof into two steps.
Step 1. Suppose that ψ(0) 6= 0. Let ϕ = (ϕ1, ..., ϕn), for each
j = 1, 2, ..., n and ζ ∈ Sn = {z ∈ Cn : |z| = 1}, put
ψζ(λ) = ψ(λζ) and ϕj,ζ(λ) = ϕj(λζ), λ ∈ C.
If ζ ∈ Sn and 1 ≤ j ≤ n, then we have
m(ψζ , ϕj,ζ) = sup
λ∈C
mλ(ψζ , ϕj,ζ) ≤ sup
λ∈C
mλζ(ψ, ϕ) ≤ m(ψ, ϕ) <∞.
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Since ψζ(0) = ψ(0) 6= 0, the last inequality together with [13, Proposi-
tion 2.1] implies that ϕj,ζ(λ) = aj,ζλ+ bj,ζ with |aj,ζ| ≤ 1.
On the other hand, if ϕj(z) has homogeneous expansion
∑∞
s=0Φs(z),
then for each ζ ∈ Sn, ϕj,ζ(λ) =
∑∞
s=0 λ
sΦs(ζ). Thus, Φs(ζ) = 0 for
each ζ ∈ Sn and s ≥ 2. Hence, for each s ≥ 2 and z ∈ Cn \ {0},
Φs(z) = |z|
sΦs(z/|z|) = 0. That is, Φs ≡ 0 for all s ≥ 2.
Consequently, ϕ(z) = Az + b, where A is an n × n matrix and b is
an n× 1 vector.
We show that ‖A‖ ≤ 1 by contradiction. Assume that ‖A‖ > 1, that
is, there exists ζ ∈ Sn such that |Aζ | > 1. Then
|ψζ(λ)| ≤ m(ψ, ϕ)e
|λζ|2−|λAζ+b|2
2 = m(ψ, ϕ)e
|λ|2−|λAζ+b|2
2 → 0 as λ→∞.
This means that ψζ ≡ 0 on C, which is a contradiction, since ψζ(0) 6= 0.
Moreover, if A is unitary matrix, then it is easy to see that
ψ(z) = ψ(0)e−〈Az,b〉 = ψ(0)e〈z,−A
∗b〉.
Step 2. Suppose that ψ(z0) 6= 0 for some z0 ∈ Cn. Put
ϕ0(z) = ϕ(z + z
0) and ψ0(z) = ψ(z + z
0)e−〈z,z
0〉, z ∈ Cn.
Then for every z ∈ Cn, we have
|ψ0(z)|e
|ϕ0(z)|
2−|z|2
2 =
∣∣∣ψ(z + z0)e−〈z,z0〉∣∣∣ e |ϕ(z+z0)|2−|z|22
=
∣∣ψ(z + z0)∣∣ e |ϕ(z+z0)|2−|z+z0|22 e |z0|22 .
Hence,
sup
z∈Cn
|ψ0(z)|e
|ϕ0(z)|
2−|z|2
2 = e
|z0|
2
2 sup
z∈Cn
∣∣ψ(z + z0)∣∣ e |ϕ(z+z0)|2−|z+z0|22
= e
|z0|
2
2 m(ψ, ϕ) <∞.
Since ψ0(0) = ψ(z
0) 6= 0, by Step 1, ϕ0(z) = Az + b
0, where A is an
n× n matrix A with ‖A‖ ≤ 1 and b0 is an n× 1 vector. Then
ϕ(z) = ϕ0(z − z
0) = A(z − z0) + b0 = Az + b with b = b0 − Az0.
Moreover, if A is a unitary matrix, then, again by Step 1,
ψ0(z) = ψ0(0)e
〈z,−A∗b0〉 for all z ∈ Cn.
Therefore,
ψ(z) = ψ0(z − z
0)e〈z−z
0,z0〉 = ψ0(0)e
〈z−z0,−A∗b0〉e〈z−z
0,z0〉
= ψ(z0)e〈z−z
0,z0−A∗b0〉 = ψ(z0)e〈z−z
0,−A∗b〉, ∀z ∈ Cn.

Particularly, when ψ ≡ const on Cn, by Proposition 2.6 and the
proof of [3, Theorem 1], we get the following result.
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Corollary 2.7. Let ϕ : Cn → Cn be a holomorphic mapping with
m(1, ϕ) < ∞. Then ϕ(z) = Az + b, where A is an n × n matrix with
‖A‖ ≤ 1 and b is an n × 1 vector. Moreover, if |Aζ | = |ζ | for some ζ
in Cn, then 〈Aζ, b〉 = 0.
3. Boundedness and Compactness
In this section we study the boundedness and compactness of weighted
composition operators. Proposition 2.6 give us the following necessary
condition.
Proposition 3.1. Let p, q ∈ (0,∞). If the operator Wψ,ϕ : F
p(Cn)→
F q(Cn) is bounded, then ψ ∈ F q(Cn) and m(ψ, ϕ) <∞.
In this case, ϕ(z) = Az + b, where A is an n × n matrix A with
‖A‖ ≤ 1 and b is an n× 1 vector.
Proof. Obviously, ψ = Wψ,ϕ(1) ∈ F
q(Cn). Moreover, for every w, z ∈
Cn, by Lemma 2.2 and the fact that ‖kw‖n,p = 1, we have
‖Wψ,ϕ‖ ≥ ‖Wψ,ϕkw‖n,q ≥ |Wψ,ϕkw(z)|e
− |z|
2
2
= |ψ(z)e〈ϕ(z),w〉−
|w|2
2 |e−
|z|2
2 .
In particular, with w = ϕ(z), the last inequality becomes
‖Wψ,ϕ‖ ≥ |ψ(z)|e
|ϕ(z)|2−|z|2
2 , ∀z ∈ Cn,
which implies that m(ψ, ϕ) ≤ ‖Wψ,ϕ‖ < ∞. Hence, by Proposition
2.6, ϕ(z) = Az + b with some n × n matrix A, ‖A‖ ≤ 1, and n × 1
vector b. 
As we see below, in general, the necessary condition in Proposi-
tion 3.1 is not sufficient for the boundedness of the operator Wψ,ϕ :
Fp(Cn) → F q(Cn). Nevertheless, this condition allows us to be only
interested in those operatorsWψ,ϕ which are induced by nonzero entire
functions ψ ∈ F q(Cn) and mappings ϕ(z) = Az + b, where A is an
n× n matrix with ‖A‖ ≤ 1 and b is an n× 1 vector.
Firstly, we consider the trivial case when A is the zero matrix, i.e.
ϕ(z) = b for all z ∈ Cn. In this case the criterion is rather easy to
prove.
Proposition 3.2. Let p, q ∈ (0,∞). Suppose that ψ is a nonzero entire
function on Cn and ϕ(z) ≡ b on Cn with an n× 1 vector b. Then the
following statements are equivalent:
(i) Wψ,ϕ : F
p(Cn)→ F q(Cn) is bounded;
(ii) Wψ,ϕ : F
p(Cn)→ F q(Cn) is compact;
(iii) ψ ∈ F q(Cn).
In this case,
‖Wψ,ϕ‖ = e
|b|2
2 ‖ψ‖n,q.
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Proof. (ii) =⇒ (i) is obvious and (i) =⇒ (iii) immediately follows from
Proposition 3.1. We need to prove only (iii) =⇒ (ii).
Suppose that ψ ∈ F q(Cn). Obviously, Wψ,ϕ(f)(z) = ψ(z)f(b) for all
f ∈ O(Cn). Then, by Lemma 2.2, for all f ∈ Fp(Cn),
‖Wψ,ϕ(f)‖n,q = ‖ψ‖n,q|f(b)| ≤ ‖ψ‖n,q‖f‖n,p e
|b|2
2 .
This means that Wψ,ϕ : F
p(Cn)→ F q(Cn) is bounded and
‖Wψ,ϕ‖ ≤ e
|b|2
2 ‖ψ‖n,q.
Moreover, Wψ,ϕ has rank 1, then it is compact.
On the other hand,
‖Wψ,ϕ(kb)‖n,q = ‖ψ‖n,q|kb(b)| = ‖ψ‖n,qe
|b|2
2 ,
which gives
‖Wψ,ϕ‖ = e
|b|2
2 ‖ψ‖n,q.

The case A 6≡ 0 is much more difficult, because A is not necessarily
diagonal or invertible. In order to overcome this difficulty we make use
of the so-called singular value decomposition of an n×n matrix whose
proof can be found in [10, Theorem 2.6.3].
Lemma 3.3. If A is an n×n matrix of rank s, then A can be written as
A = V A˜U , where V, U are n×n unitary matrices, and A˜ is a diagonal
matrix (a˜ij) with a˜11 ≥ a˜22 ≥ ... ≥ a˜ss ≥ a˜s+1,s+1 = ... = a˜nn = 0.
The a˜ii are the non-negative square roots of the eigenvalues of AA
∗; if
we require that they are listed in decreasing order, then A˜ is uniquely
determined from A.
Let Wq be the set of all pairs (ψ, ϕ) consisting of a nonzero entire
function ψ in F q(Cn) and a mapping ϕ(z) = Az + b with a nonzero
n× n matrix A satisfying 0 < ‖A‖ ≤ 1 and an n× 1 vector b.
We denote by Vq,s the subset ofWq consisting of all pairs (ψ, ϕ) inWq
with ϕ(z) = Az+b, where A is a diagonal matrix (aij) of rankA = s > 0
and
1 ≥ a11 ≥ a22 ≥ ... ≥ ass ≥ as+1,s+1 = ... = ann = 0.
Note that for each (ψ, ϕ) in Vq,s and f ∈ O(C
n), we have
‖Wψ,ϕf‖n,q =
(( q
2π
)n ∫
Cn
|ψ(z)|q|f(ϕ(z))|qe−
q|z|2
2 dA(z)
) 1
q
(3.1)
=
(( q
2π
)s ∫
Cs
|f(ϕ(z))|qe−
q|z[s]|
2
2 ‖ψ(z[s], ·)‖
q
n−s,qdA(z[s])
) 1
q
.
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In view of this, we can characterize the boundedness and compactness
for Wψ,ϕ induced by (ψ, ϕ) in Vq,s in terms of the following quantities:
ℓz[s](ψ, ϕ) = e
|ϕ(z)|2−|z[s]|
2
2 ‖ψ(z[s], ·)‖n−s,q, z[s] ∈ C
s,
and
ℓ(ψ, ϕ) = sup
z[s]∈Cs
ℓz[s](ψ, ϕ),
where we consider ‖ψ(z[s], ·)‖n−s,q = |ψ(z)| if s = n (i.e. A is invertible),
and in this case ℓz(ψ, ϕ) = mz(ψ, ϕ).
For weighted composition operators Wψ,ϕ induced by (ψ, ϕ) in Wq
with ϕ(z) = Az + b and rankA = s, we may reduce the study to that
of some W
ψ˜,ϕ˜
induced by (ψ˜, ϕ˜) in Vq,s by the following scheme.
Suppose that the singular value decomposition of A is V A˜U and
define a new pair (ψ˜, ϕ˜) as follows:
ψ˜(z) = ψ(U∗z) and ϕ˜(z) = A˜z + b˜, z ∈ Cn, where b˜ = V ∗b.
We call (ψ˜, ϕ˜) a normalization of (ψ, ϕ) with respect to the singular
value decomposition A = V A˜U (briefly, normalization of (ψ, ϕ)).
It is easy to see that (ψ˜, ϕ˜) ∈ Vq,s. Moreover, we have the following
result.
Proposition 3.4. Let p, q ∈ (0,∞) and (ψ, ϕ) be a pair in Wq and
(ψ˜, ϕ˜) its normalization. Then the operator Wψ,ϕ : F
p(Cn) → F q(Cn)
is bounded (respectively, compact) if and only if W
ψ˜,ϕ˜
: Fp(Cn) →
F q(Cn) is bounded (respectively, compact). Moreover, they have the
same norm.
Proof. For an n× n matrix U , we put
CU(f) = f ◦ U, f ∈ O(C
n).
Obviously, if U is a unitary matrix, then CU is invertible on every
Fock space Fp(Cn) with (CU)
−1 = CU∗ and ‖CUf‖n,p = ‖f‖n,p for all
f ∈ Fp(Cn).
For every f ∈ O(Cn) and z ∈ Cn, we have
CUWψ˜,ϕ˜CV (f)(z) = CUWψ˜,ϕ˜(f ◦ V )(z) = CU
(
ψ˜ · (f ◦ V ◦ ϕ˜)
)
(z)
=
(
ψ˜ ◦ U(z)
)
(f ◦ V ◦ ϕ˜ ◦ U)(z)
= ψ(z)f(V A˜Uz + V b˜) = ψ(z)f(Az + b)
= Wψ,ϕ(f)(z),
which means thatWψ,ϕ = CUWψ˜,ϕ˜CV , and hence, Wψ˜,ϕ˜ = CU∗Wψ,ϕCV ∗
on O(Cn).
From these equalities the assertions follow. 
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In view of Proposition 3.4, we can have criteria for the boundedness
and compactness of the weighted composition operator Wψ,ϕ induced
by a pair (ψ, ϕ) ∈ Wq in terms of its normalization (ψ˜, ϕ˜), more pre-
cisely, in terms of ℓz[s](ψ˜, ϕ˜). Before doing this, we state some properties
of (ψ˜, ϕ˜) and ℓz[s](ψ˜, ϕ˜).
Lemma 3.5. For each pair (ψ, ϕ) ∈ Wq with ϕ(z) = Az + b and
rankA = s, the following properties are true.
(a) mz(ψ, ϕ) = mUz(ψ˜, ϕ˜) for all z ∈ C
n, and m(ψ, ϕ) = m(ψ˜, ϕ˜).
In particular, if A is invertible, then mz(ψ, ϕ) = ℓUz(ψ˜, ϕ˜) for
all z ∈ Cn, and m(ψ, ϕ) = ℓ(ψ˜, ϕ˜).
(b) m(ψ˜, ϕ˜) ≤ ℓ(ψ˜, ϕ˜).
Proof. (a) For each z ∈ Cn, by the definition of (ψ˜, ϕ˜),
mUz(ψ˜, ϕ˜) =
∣∣∣ψ˜(Uz)∣∣∣ e |ϕ˜(Uz)|2−|Uz|22 = |ψ(z)|e |A˜Uz+b˜|2−|z|22
= |ψ(z)|e
|V ∗Az+V ∗b|2−|z|2
2 = |ψ(z)|e
|Az+b|2−|z|2
2 = mz(ψ, ϕ).
From this it follows that mz(ψ, ϕ) = ℓUz(ψ˜, ϕ˜) for all z ∈ C
n whenever
A is invertible.
(b) For each pair (ψ, ϕ) ∈ Vq,s, by the definition of ℓz[s](ψ, ϕ) and
Lemma 2.2, for each z ∈ Cn we have
ℓz[s](ψ, ϕ) = e
|ϕ(z)|2−|z[s]|
2
2 ‖ψ(z[s], ·)‖n−s,q
≥ e
|ϕ(z)|2−|z[s]|
2
2 |ψ(z)|e−
|z′[s]|
2
2 = mz(ψ, ϕ).
It implies that m(ψ, ϕ) ≤ ℓ(ψ, ϕ) for all (ψ, ϕ) ∈ Vq,s.
From this it follows that m(ψ˜, ϕ˜) ≤ ℓ(ψ˜, ϕ˜) for all (ψ, ϕ) ∈ Wq. 
Clearly, for each pair (ψ, ϕ) ∈ Wq, its normalization (ψ˜, ϕ˜) is not
unique and depends on the unitary factors V and U in the singular
value decomposition A = V A˜U . But the quantity ℓz[s](ψ˜, ϕ˜) is ”unique”
in the following sense.
Lemma 3.6. Let (ψ̂, ϕ̂) be another normalization of (ψ, ϕ) ∈ Wq with
respect to the singular value decomposition A = V̂ A˜Û . Then there is
an s × s unitary matrix H such that ℓz[s](ψ̂, ϕ̂) = ℓHz[s](ψ˜, ϕ˜) for all
z[s] ∈ C
s.
Proof. By the definition of normalization, we have
ψ̂(z) = ψ(Û∗z), ϕ̂(z) = A˜z + b̂ with b̂ = V̂ ∗b.
By [10, Theorem 2.6.5], there are (n − s) × (n − s) unitary matrices
V0, U0 and n1 × n1 unitary matrix H1,..., ns × ns unitary matrix Hd
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such that
V̂ = V (H1 ⊕ ...⊕Hd ⊕ V0) and Û = (H
∗
1 ⊕ ...⊕H
∗
d ⊕ U
∗
0 )U,
where ni with i = 1, 2, ..., d, is the multiplicity of the distinct positive
singular value σi of A and σ1 > σ2 > ... > σd. In this case, n1+...+nd =
rankA = s.
Putting H = H1⊕ ...⊕Hd, we get that H is an s× s unitary matrix
and for every z ∈ Cn,
‖ψ̂(z[s], ·)‖n−s,q =
(( q
2π
)n−s ∫
Cn−s
|ψ(Û∗z)|qe−
q|z′[s]|
2
2 dA(z′[s])
) 1
q
=
(( q
2π
)n−s ∫
Cn−s
|ψ˜(Hz[s], U0z
′
[s])|
qe−
q|U0z′[s]|
2
2 dA(z′[s])
) 1
q
=
(( q
2π
)n−s ∫
Cn−s
|ψ˜(Hz[s], z
′
[s])|
qe−
q|z′[s]|
2
2
) 1
q
= ‖ψ˜(Hz[s], ·)‖n−s,q, since U0 is unitary.
Moreover, since V0, H are unitary and a˜s+1,s+1 = ... = a˜n,n = 0, for
each z ∈ Cn we have
|ϕ̂(z)|2 − |z[s]|
2 =
∣∣∣V̂ ∗AÛ∗z + V̂ ∗b∣∣∣2 − |z[s]|2
= |(H∗ ⊕ V ∗0 )V
∗AU∗(H ⊕ U0)z + (H
∗ ⊕ V ∗0 )V
∗b|2 − |z[s]|
2
=
∣∣∣A˜(H ⊕ U0)z + b˜∣∣∣2 − |z[s]|2 = ∣∣∣A˜(Hz[s], U0z′[s]) + b˜∣∣∣2 − |z[s]|2
=
∣∣∣A˜(Hz[s], 0′[s]) + b˜∣∣∣2 − |z[s]|2 = ∣∣ϕ˜(Hz[s], 0′[s])∣∣2 − ∣∣Hz[s]∣∣2 .
Consequently, ℓz[s](ψ̂, ϕ̂) = ℓHz[s](ψ˜, ϕ˜) for all z ∈ C
n. 
Remark 3.7. Lemma 3.6 guarantees that the criteria for the bounded-
ness and compactness in Theorems 3.8, 3.9, 3.12 and the estimates for
essential norm in Theorem 4.1 of Wψ,ϕ induced by a pair (ψ, ϕ) ∈ Wq
in terms of ℓz[s](ψ˜, ϕ˜) are the same for every normalization (ψ˜, ϕ˜) (in
details, see Remark 4.3).
Moreover, for a pair (ψ, ϕ) ∈ Vq,s without loss of generality we can
assume that (ψ˜, ϕ˜) = (ψ, ϕ).
We separate two cases p ≤ q and q < p, which give different criteria.
For an n × n diagonal matrix A and 0 < s < n let us denote by A[s]
the submatrix of A with the diagonal entries aii, i = 1, ..., s.
3.1. The case 0 < p ≤ q <∞. Firstly we have the following criterion
for the boundedness.
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Theorem 3.8. Let 0 < p ≤ q < ∞ and (ψ, ϕ) be a pair in Wq with
ϕ(z) = Az + b and rankA = s. Then the operator Wψ,ϕ : F
p(Cn) →
F q(Cn) is bounded if and only if ℓ(ψ˜, ϕ˜) < ∞, where (ψ˜, ϕ˜) is the
normalization of (ψ, ϕ) with respect to the singular value decomposition
A = V A˜U . Moreover,
ℓ(ψ˜, ϕ˜) ≤ ‖Wψ,ϕ‖ ≤ |detA˜[s]|
− 2
q
(
q
p
)n
q
ℓ(ψ˜, ϕ˜).
Proof. Note that it suffices to prove the theorem for the case when
(ψ, ϕ) ∈ Vq,s. Indeed, if so, then applying the result to (ψ˜, ϕ˜) and
using Proposition 3.4, we can get the assertion.
We prove the theorem for the operators Wψ,ϕ induced by (ψ, ϕ) ∈
Vq,s. In this case, (ψ˜, ϕ˜) = (ψ, ϕ).
Necessity. Suppose thatWψ,ϕ is bounded from F
p(Cn) into F q(Cn).
By Lemma 2.1 and the fact that ‖kw‖n,p = 1 for every w ∈ C
n, we have
‖Wψ,ϕ‖ ≥ ‖Wψ,ϕkw‖n,q = ‖ψ(z)e
〈Az+b,w〉−
|w|2
2 ‖n,q
≥ e−
|z[s]|
2
2 ‖ψ(z[s], ·)e
〈Az+b,w〉−
|w|2
2 ‖n−s,q
=
∣∣∣∣∣e〈Az+b,w〉− |w|
2+|z[s]|
2
2
∣∣∣∣∣ ‖ψ(z[s], ·)‖n−s,q, for all w, z ∈ Cn.
In particular, with w = Az + b, the last inequality gives
(3.2)
‖Wψ,ϕ‖ ≥ ‖Wψ,ϕkAz+b‖n,q ≥ e
|Az+b|2−|z[s]|
2
2 ‖ψ(z[s], ·)‖n−s,q = ℓz[s](ψ, ϕ),
for all z[s] ∈ C
s, and so, ℓ(ψ, ϕ) ≤ ‖Wψ,ϕ‖ <∞.
Sufficiency. Suppose that ℓ(ψ, ϕ) <∞. Then, for each f ∈ Fp(Cn),
by (3.1) and Lemmas 2.1 and 2.3, we have
‖Wψ,ϕf‖
q
n,q
=
( q
2π
)s ∫
Cs
|f(Az + b)|qe−
q|z[s]|
2
2 ‖ψ(z[s], ·)‖
q
n−s,qdA(z[s])
≤
( q
2π
)s
ℓq(ψ, ϕ)
∫
Cs
|f(Az + b)|qe−
q|Az+b|2
2 dA(z[s])
=
( q
2π
)s
ℓq(ψ, ϕ)
∫
Cs
∣∣f(A[s]z[s] + b[s], b′[s])∣∣q e− q|(A[s]z[s]+b[s],b′[s])|22 dA(z[s])
≤
( q
2π
)s
ℓq(ψ, ϕ)|detA[s]|
−2
∫
Cs
∣∣f(ζ[s], b′[s])∣∣q e− q|(ζ[s],b′[s])|22 dA(ζ[s])
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= ℓq(ψ, ϕ)|detA[s]|
−2‖f(·, b′[s])‖
q
s,qe
−
q|b′[s]|
2
2 ≤ ℓq(ψ, ϕ)|detA[s]|
−2‖f‖qn,q
≤ ℓq(ψ, ϕ)|detA[s]|
−2
(
q
p
)n
‖f‖qn,p.
Hence, Wψ,ϕ : F
p(Cn)→ F q(Cn) is bounded and
‖Wψ,ϕ‖ ≤ |detA[s]|
− 2
q
(
q
p
)n
q
ℓ(ψ, ϕ).
The assertion is proved for (ψ, ϕ) ∈ Vq,s.

Next we have the following criterion for the compactness of weighted
composition operators Wψ,ϕ.
Theorem 3.9. Let 0 < p ≤ q < ∞ and (ψ, ϕ) be a pair in Wq with
ϕ(z) = Az + b and rankA = s. Then the operator Wψ,ϕ : F
p(Cn) →
F q(Cn) is compact if and only if
lim
z[s]→∞
ℓz[s](ψ˜, ϕ˜) = 0,
where, as above, (ψ˜, ϕ˜) is the normalization of (ψ, ϕ).
Proof. As in Theorem 3.8, it suffices to prove the theorem for the op-
erator Wψ,ϕ induced by (ψ, ϕ) in Vq,s, and then using Proposition 3.4
to complete the proof.
Remind that for (ψ, ϕ) in Vq,s, (ψ˜, ϕ˜) = (ψ, ϕ).
Necessity. Suppose thatWψ,ϕ is compact from F
p(Cn) into F q(Cn).
Since ‖kw‖n,p = 1 for all w ∈ C
n and kw → 0 in O(C
n) as w →∞, by
Lemma 2.4, ‖Wψ,ϕkw‖n,q → 0 as w →∞.
From this, (3.2), and the fact that ϕ(z) = Az + b→∞ as z[s] →∞
in Cs, it follows that
ℓz[s](ψ, ϕ) ≤ ‖Wψ,ϕkAz+b‖ → 0, as z[s] →∞.
Sufficiency. Suppose that
lim
z[s]→∞
ℓz[s](ψ, ϕ) = 0.
Then ℓ(ψ, ϕ) < ∞, and by Theomrem 3.8, Wψ,ϕ is bounded from
Fp(Cn) into F q(Cn).
Let (fj)j be a bounded sequence in F
p(Cn) converging to 0 in O(Cn).
By (3.1) and Lemmas 2.1 and 2.3, for every R > 0 and j ∈ N,
‖Wψ,ϕfj‖
q
n,q =
( q
2π
)s ∫
Cs
|fj(Az + b)|
qe−
q|z[s]|
2
2 ‖ψ(z[s], ·)‖
q
n−s,qdA(z[s])
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=
( q
2π
)s ∫
|z[s]|≤R
|fj(Az + b)|
qe−
q|z[s]|
2
2 ‖ψ(z[s], ·)‖
q
n−s,qdA(z[s])
+
( q
2π
)s ∫
|z[s]|>R
|fj(Az + b)|
qe−
q|z[s]|
2
2 ‖ψ(z[s], ·)‖
q
n−s,qdA(z[s])
≤
( q
2π
)s
max
|z[s]|≤R
|fj(Az + b)|
q
∫
|z[s]|≤R
e−
q|z[s]|
2
2 ‖ψ(z[s], ·)‖
q
n−s,qdA(z[s])
+
( q
2π
)s
max
|z[s]|>R
ℓqz[s](ψ, ϕ)
∫
|z[s]|>R
|fj(Az + b)|
qe−
q|Az+b|2
2 dA(z[s])
≤ ‖ψ‖qn,q max
|z[s]|≤R
|fj(Az + b)|
q
+
( q
2π
)s
|detA[s]|
−2 max
|z[s]|>R
ℓqz[s](ψ, ϕ)
∫
Cs
∣∣fj(ζ[s], b′[s])∣∣q e− q|(ζ[s],b′[s])|22 dA(ζ[s])
= ‖ψ‖qn,q max
|z[s]|≤R
|fj(Az + b)|
q
+ |detA[s]|
−2‖fj(·, b
′
[s])‖
q
s,qe
−
q|b′[s]|
2
2 max
|z[s]|>R
ℓqz[s](ψ, ϕ)
≤ ‖ψ‖qn,q max
|z[s]|≤R
|fj(Az + b)|
q + |detA[s]|
−2‖fj‖
q
n,q max
|z[s]|>R
ℓqz[s](ψ, ϕ)
≤ ‖ψ‖qn,q max
|z[s]|≤R
|fj(Az + b)|
q + |detA[s]|
−2
(
q
p
)n
‖fj‖
q
n,p max
|z[s]|>R
ℓqz[s](ψ, ϕ)
≤ ‖ψ‖qn,q max
|z[s]|≤R
|fj(Az + b)|
q + |detA[s]|
−2
(
q
p
)n
M q max
|z[s]|>R
ℓqz[s](ψ, ϕ),
where
M = sup
j≥1
‖fj‖n,p <∞.
In the last inequality, letting j →∞, and then R→∞, we get
lim
j→∞
‖Wψ,ϕfj‖n,q = 0.
By Lemma 2.4, Wψ,ϕ : F
p(Cn)→ F q(Cn) is compact. 
From Theorems 3.8, 3.9 and Lemma 3.5, we get immediately the
following result for the case when A is invertible.
Corollary 3.10. Let 0 < p ≤ q < ∞ and (ψ, ϕ) be a pair in Wq with
ϕ(z) = Az + b and A is invertible. Then the following statements are
true:
(a) The operator Wψ,ϕ : F
p(Cn) → F q(Cn) is bounded if and only
if m(ψ, ϕ) <∞ and
m(ψ, ϕ) ≤ ‖Wψ,ϕ‖ ≤ |detA|
− 2
q
(
q
p
)n
q
m(ψ, ϕ).
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(b) The operator Wψ,ϕ : F
p(Cn) → F q(Cn) is compact if and only
if
lim
z→∞
mz(ψ, ϕ) = 0.
In particular, when ψ ≡ const on Cn we obtain the following result
for composition operators.
Corollary 3.11. Let 0 < p ≤ q <∞ and ϕ : Cn → Cn a holomorphic
mapping. The following statements are true:
(a) The operator Cϕ : F
p(Cn) → F q(Cn) is bounded if and only if
ϕ(z) = Az + b, where A is an n × n matrix and b is an n × 1
vector such that ‖A‖ ≤ 1 and 〈Aζ, b〉 = 0 for every ζ in Cn with
|Aζ | = |ζ |.
(b) The operator Cϕ : F
p(Cn) → F q(Cn) is compact if and only if
ϕ(z) = Az + b, where A is an n × n matrix and b is an n × 1
vector such that ‖A‖ < 1.
Proof. (a) The necessity follows directly from Proposition 3.1 and Corol-
lary 2.7. We prove the sufficiency. Suppose that ϕ(z) = Az + b with
rankA = s and ϕ˜(z) = A˜z+ b˜, where the singular value decomposition
of A is V A˜U and b˜ = V ∗b.
Since ‖A‖ ≤ 1, we have ‖A˜‖ ≤ 1, and hence,
1 ≥ a˜11 ≥ a˜22 ≥ ... ≥ a˜ss ≥ a˜s+1,s+1 = ... = a˜nn = 0.
Put j = max{i : a˜ii = 1}. By [3, Lemma 1], the first j coordinates of
b˜ are 0. Then, for every z ∈ Cn,
ℓz[s](1, ϕ˜) = e
|ϕ˜(z)|2−|z[s]|
2
2 ‖1‖n−s,q(3.3)
= exp
∑s
i=j+1(|a˜iizi + b˜i|
2 − |zi|
2) +
∑n
i=s+1 |˜bi|
2
2
.
Since a˜ii < 1 for all j + 1 ≤ i ≤ s, we have ℓ(1, ϕ˜) < ∞. By Theorem
3.8, the operator Cϕ˜ : F
p(Cn) → F q(Cn) is bounded, and hence, by
Proposition 3.4, so is Cϕ.
(b) By Proposition 3.4, Theorem 3.9, and (3.3), the operators Cϕ
and Cϕ˜ : F
p(Cn)→ F q(Cn) are compact if and only if
lim
z[s]→∞
ℓz[s](1, ϕ˜) = 0,
i. e.
lim
z[s]→∞
(
s∑
i=j+1
(|a˜iizi + b˜i|
2 − |zi|
2) +
n∑
i=s+1
|˜bi|
2
)
= −∞,
which is equivalent to that j = 0, that is, a˜ii < 1 for all 1 ≤ i ≤ s, and
hence, ‖A˜‖ < 1 and ‖A‖ < 1. 
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3.2. The case 0 < q < p <∞. For each pair (ψ, ϕ) in Vq,s, we define
the following positive pull-back measure µψ,ϕ,q on C
s
µψ,ϕ,q(E) =
( q
2π
)s ∫
ϕ−1
[s]
(E)
‖ψ(z[s], ·)‖
q
n−s,qe
−
q|z[s]|
2
2 dA(z[s]),
for every Borel subset E of Cs, where ϕ[s](z[s]) = A[s]z[s]+b[s], z[s] ∈ C
s.
We recall that for p, q ∈ (0,∞) a positive Borel measure µ on Cs
is called a (p, q)-Fock Carleson measure, if the embedding operator
i : Fp(Cs) → Lq(Cs, dµ) is bounded, i.e. if there exists a constant
C > 0 such that for every f ∈ Fp(Cs),
(∫
Cs
|f(z)|qe−
q|z|2
2 dµ(z)
) 1
q
≤ C‖f‖s,p.
We write ‖µ‖ for the operator norm of i from Fp(Cs) to Lq(Cs, dµ) and
refer the reader to [11, Section 3] for more information about (p, q)-Fock
Carleson measure.
Theorem 3.12. Let 0 < q < p < ∞ and (ψ, ϕ) be a pair in Wq
with ϕ(z) = Az + b and rankA = s. Then the following assertions are
equivalent:
(i) Wψ,ϕ : F
p(Cn)→ F q(Cn) is bounded;
(ii) Wψ,ϕ : F
p(Cn)→ F q(Cn) is compact;
(iii) ℓz[s](ψ˜, ϕ˜) ∈ L
pq
p−q (Cs, dA),
where (as in Theorem 3.8) (ψ˜, ϕ˜) is the normalization of (ψ, ϕ) with
respect to the singular value decomposition A = V A˜U .
In this case, for some positive constant C,
C−1|detA˜[s]|
2(p−q)
pq e−
|b˜′[s]|
2
2 ‖ℓz[s](ψ˜, ϕ˜)‖L
pq
p−q
≤ ‖Wψ,ϕ‖ ≤ C|detA˜[s]|
− 2
p‖ℓz[s](ψ˜, ϕ˜)‖L
pq
p−q
.
Proof. Similarly to the proof of Theorem 3.8, it suffices to prove the
theorem for the operatorWψ,ϕ induced by (ψ, ϕ) in Vq,s, and then using
Proposition 3.4 to complete the proof.
Again note that for (ψ, ϕ) in Vq,s, (ψ˜, ϕ˜) = (ψ, ϕ).
• (ii) =⇒ (i) is obvious.
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• (i) =⇒ (iii). Suppose that the operator Wψ,ϕ : F
p(Cn)→ F q(Cn)
is bounded. Then by (3.1), for every f ∈ Fp(Cn)
‖Wψ,ϕ‖‖f‖n,p ≥ ‖Wψ,ϕf‖n,q
=
(( q
2π
)s ∫
Cs
‖ψ(z[s], ·)‖
q
n−s,q|f(Az + b)|
qe−
q|z[s]|
2
2 dA(z[s])
) 1
q
=
(( q
2π
)s ∫
Cs
‖ψ(z[s], ·)‖
q
n−s,q
∣∣f(A[s]z[s] + b[s], b′[s])∣∣q e− q|z[s]|22 dA(z[s])
) 1
q
.
This implies that for every f ∈ Fp(Cs), i.e. for every f ∈ Fp(Cn)
independent on (zs+1, ..., zn), we have
‖Wψ,ϕ‖‖f‖s,p = ‖Wψ,ϕ‖‖f‖n,p
=
(( q
2π
)s ∫
Cs
‖ψ(z[s], ·)‖
q
n−s,q
∣∣f(A[s]z[s] + b[s])∣∣q e− q|z[s]|22 dA(z[s])
) 1
q
=
(∫
Cs
∣∣f(ζ[s])∣∣q dµψ,ϕ,q(ζ[s])) 1q =
(∫
Cs
|f(ζ[s])|
qe−
q|ζ[s]|
2
2 dλψ,ϕ,q(ζ[s])
) 1
q
,
where dλψ,ϕ,q(ζ[s]) = e
q|ζ[s]|
2
2 dµψ,ϕ,q(ζ[s]). The last inequality means that
λψ,ϕ,q is a (p, q)-Fock Carleson measure on C
s. Then, by [11, Theorem
3.3], we have
(3.4)
λ˜ψ,ϕ,q(w[s]) =
∫
Cs
∣∣∣kw[s](z[s])∣∣∣q e− q|z[s]|22 dλψ,ϕ,q(z[s]) ∈ L pp−q (Cs, dA).
On the other hand, for all w ∈ Cn,
λ˜ψ,ϕ,q(w[s])
=
∫
Cs
∣∣∣kw[s](z[s])∣∣∣q e− q|z[s]|22 dλψ,ϕ,q(z[s]) = ∫
Cs
∣∣∣kw[s](z[s])∣∣∣q dµψ,ϕ,q(z[s])
=
( q
2π
)s ∫
Cs
‖ψ(z[s], ·)‖
q
n−s,q
∣∣∣kw[s](A[s]z[s] + b[s])∣∣∣q e− q|z[s]|22 dA(z[s])
=
( q
2π
)n ∫
Cn
|ψ(z[s], z
′
[s])|
q
∣∣∣kw[s](A[s]z[s] + b[s])∣∣∣q e− q|z|22 dA(z)
=
( q
2π
)n ∫
Cn
∣∣∣ψ(z)kw[s](A[s]z[s] + b[s])∣∣∣q e− q|z|22 dA(z)
= ‖ψ · (kw[s] ◦ ϕ[s])‖
q
n,q,
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where, as above, ϕ[s](z[s]) = A[s]z[s] + b[s]. From this and Lemma 2.1, it
follows that for all w, z ∈ Cn,
λ˜ψ,ϕ,q(w[s]) ≥ e
−
q|z[s]|
2
2 ‖ψ(z[s], ·)(kw[s] ◦ ϕ[s])(z[s])‖
q
n−s,q
=
∣∣∣∣∣e〈A[s]z[s]+b[s],w[s]〉− |z[s]|
2
+|w[s]|
2
2
∣∣∣∣∣
q
‖ψ(z[s], ·)‖
q
n−s,q.
In particular, with w = ϕ(z) = Az + b, we get
λ˜ψ,ϕ,q(ϕ[s](z[s])) ≥ e
q
(
|ϕ[s](z[s])|
2
−|z[s]|
2
)
2 ‖ψ(z[s], ·)‖
q
n−s,q
= e−
q|b′[s]|
2
2 e
q
(
|ϕ(z)|2−|z[s]|
2
)
2 ‖ψ(z[s], ·)‖
q
n−s,q = e
−
q|b′[s]|
2
2 ℓqz[s](ψ, ϕ),
for all z ∈ Cn. Combining this and (3.4) yields
e−
qp|b′[s]|
2
2(p−q)
∫
Cs
(ℓz[s](ψ, ϕ))
pq
p−q dA(z[s]) ≤
∫
Cs
(
λ˜ψ,ϕ,q(ϕ[s](z[s]))
) p
p−q
dA(z[s])
= |detA[s]|
−2
∫
Cs
(
λ˜ψ,ϕ,q(ζ[s])
) p
p−q
dA(ζ[s]) = |detA[s]|
−2‖λ˜ψ,ϕ,q‖
p
p−q
L
p
p−q
<∞.
Therefore, ℓz[s](ψ, ϕ) ∈ L
pq
p−q (Cs, dA) and
|detA[s]|
2(p−q)
p e−
q|b′[s]|
2
2 ‖ℓz[s](ψ, ϕ)‖
q
L
pq
p−q
≤ ‖λ˜ψ,ϕ,q‖
L
p
p−q
.
From this and [11, Theorem 3.3], we see that for some constant C1 > 0,
‖Wψ,ϕ‖
q = ‖λψ,ϕ,q‖
q ≥ C1‖λ˜ψ,ϕ,q‖
L
p
p−q
≥ C1|detA[s]|
2(p−q)
p e−
q|b′[s]|
2
2 ‖ℓz[s](ψ, ϕ)‖
q
L
pq
p−q
,
which gives
(3.5) ‖Wψ,ϕ‖ ≥ C
1
q
1 |detA[s]|
2(p−q)
pq e−
|b′[s]|
2
2 ‖ℓz[s](ψ, ϕ)‖L
pq
p−q
.
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• (iii) =⇒ (ii). For each function f ∈ Fp(Cn), using (3.1), Ho¨lder’s
inequality and Lemma 2.1, we have
‖Wψ,ϕf‖
q
n,q =
( q
2π
)s ∫
Cs
‖ψ(z[s], ·)‖
q
n−s,q |f(Az + b)|
q e−
q|z[s]|
2
2 dA(z[s])
=
( q
2π
)s ∫
Cs
ℓqz[s](ψ, ϕ) |f(Az + b)|
q e−
q|Az+b|2
2 dA(z[s])
≤
( q
2π
)s(∫
Cs
ℓ
pq
p−q
z[s] (ψ, ϕ)dA(z[s])
) p−q
p
×
(∫
Cs
|f(Az + b)|p e−
p|Az+b|2
2 dA(z[s])
) q
p
=
( q
2π
)s(2π
p
) sq
p
‖ℓz[s](ψ, ϕ)‖
q
L
pq
p−q
|detA[s]|
− 2q
p e−
q|b′[s]|
2
2 ‖f(·, b′[s])‖
q
s,p
≤
( q
2π
)s(2π
p
) sq
p
‖ℓz[s](ψ, ϕ)‖
q
L
pq
p−q
|detA[s]|
− 2q
p ‖f‖qn,p.
This shows that the operatorWψ,ϕ : F
p(Cn)→ F q(Cn) is bounded and
(3.6) ‖Wψ,ϕ‖ ≤
( q
2π
) s
q
(
2π
p
) s
p
|detA[s]|
− 2
p‖ℓz[s](ψ, ϕ)‖L
pq
p−q
.
Next, let (fj)j be an arbitrary bounded sequence in F
p(Cn) converg-
ing to 0 in O(Cn). For each j ∈ N and R > 0, we have
‖Wψ,ϕfj‖
q
n,q =
( q
2π
)s ∫
Cs
ℓqz[s](ψ, ϕ)|fj(Az + b)|
qe−
q|Az+b|2
2 dA(z[s])
=
( q
2π
)s ∫
|z[s]|≤R
ℓqz[s](ψ, ϕ) |fj(Az + b)|
q e−
q|Az+b|2
2 dA(z[s])
+
( q
2π
)s ∫
|z[s]|>R
ℓqz[s](ψ, ϕ) |fj(Az + b)|
q e−
q|Az+b|2
2 dA(z[s])
= I(j, R) + J (j, R).
On one hand, for I(j, R), we have
I(j, R) ≤
( q
2π
)s
max
|z[s]|≤R
|fj(Az + b)|
q
∫
|z[s]|≤R
ℓqz[s](ψ, ϕ)e
−
q|Az+b|2
2 dA(z[s])
=
( q
2π
)s
max
|z[s]|≤R
|fj(Az + b)|
q
∫
|z[s]|≤R
‖ψ(z[s], ·)‖
q
n−s,qe
−
q|z[s]|
2
2 dA(z[s])
≤ ‖ψ‖qn,q max
|z[s]|≤R
|fj(Az + b)|
q.
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On the other hand, for J (j, R), again using Ho¨lder’s inequality and
Lemma 2.1, we get
J (j, R) =
( q
2π
)s ∫
|z[s]|>R
ℓqz[s](ψ, ϕ)|fj(Az + b)|
qe−
q|Az+b|2
2 dA(z[s])
≤
( q
2π
)s(∫
|z[s]|>R
ℓ
pq
p−q
z[s] (ψ, ϕ)dA(z[s])
)p−q
p
×
(∫
|z[s]|>R
|fj(Az + b)|
pe−
p|Az+b|2
2 dA(z[s])
) q
p
≤
( q
2π
)s(2π
p
) sq
p
|detA[s]|
− 2q
p e−
q|b′[s]|
2
2 ‖fj(·, b
′
[s])‖
q
s,p
×
(∫
|z[s]|>R
ℓ
pq
p−q
z[s] (ψ, ϕ)dA(z[s])
) p−q
p
≤
( q
2π
)s(2π
p
) sq
p
|detA[s]|
− 2q
p ‖fj‖
q
n,p
(∫
|z[s]|>R
ℓ
pq
p−q
z[s] (ψ, ϕ)dA(z[s])
) p−q
p
≤M q
(∫
|z[s]|>R
ℓ
pq
p−q
z[s] (ψ, ϕ)dA(z[s])
) p−q
p
,
where
M q =
( q
2π
)s(2π
p
) sq
p
|detA[s]|
− 2q
p sup
j
‖fj‖
q
n,p <∞.
Therefore, for every R > 0 we get
lim sup
j→∞
‖Wψ,ϕfj‖
q
n,q ≤ lim sup
j→∞
(I(j, R) + J (j, R))
≤M q
(∫
|z[s]|>R
ℓ
pq
p−q
z[s] (ψ, ϕ)dA(z[s])
)p−q
p
.
Since ℓz[s](ψ, ϕ) ∈ L
pq
p−q (Cs, dA), letting R → ∞ in the last inequality,
we get that Wψ,ϕfj converges to 0 in F
q(Cn) as j →∞.
Consequently, by Lemma 2.4, the operatorWψ,ϕ : F
p(Cn)→ F q(Cn)
is compact.
Finally, the desired estimates for ‖Wψ,ϕ‖ follow from (3.5) and (3.6).

From Theorems 3.12 and Lemma 3.5, we obtain immediately the
following result for the case when A is invertible.
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Corollary 3.13. Let 0 < q < p < ∞ and (ψ, ϕ) be a pair in Wq with
ϕ(z) = Az + b and A is invertible. Then the following assertions are
equivalent:
(i) Wψ,ϕ : F
p(Cn)→ F q(Cn) is bounded;
(ii) Wψ,ϕ : F
p(Cn)→ F q(Cn) is compact;
(iii) mz(ψ, ϕ) ∈ L
pq
p−q (Cn, dA).
In this case, for some positive constant C,
C−1|detA|
2(p−q)
pq ‖mz(ψ, ϕ)‖
L
pq
p−q
≤ ‖Wψ,ϕ‖ ≤ C|detA|
− 2
p‖mz(ψ, ϕ)‖
L
pq
p−q
.
In particular, when ψ ≡ const on Cn we get the following result for
composition operators.
Corollary 3.14. Let 0 < q < p <∞ and ϕ : Cn → Cn a holomorphic
mapping. The following assertions are equivalent:
(i) Cϕ : F
p(Cn)→ F q(Cn) is bounded;
(ii) Cϕ : F
p(Cn)→ F q(Cn) is compact;
(iii) ϕ(z) = Az + b, where A is an n × n matrix with ‖A‖ < 1 and
b is an n× 1 vector.
Proof. • (i) ⇐⇒ (ii) follows by Theorem 3.12.
• (ii)⇐⇒ (iii). In view of Proposition 3.1 and Corollary 2.7, we may
assume that ϕ(z) = Az + b and ϕ˜(z) = A˜z + b˜ as in Corollary 3.11.
By Theorem 3.12, Cϕ, and hence, Cϕ˜ : F
p(Cn)→ F q(Cn) is compact
if and only if ℓz[s](1, ϕ˜) ∈ L
pq
p−q (Cs, dA).
Moreover, by (3.3), for every z ∈ Cn,
ℓz[s](1, ϕ˜) = exp
∑s
i=j+1(|a˜iizi + b˜i|
2 − |zi|
2) +
∑n
i=s+1 |˜bi|
2
2
,
with, as in Corollary 3.11, j = max{i : σii = 1}.
It implies that the fact ℓz[s](1, ϕ˜) ∈ L
pq
p−q (Cs, dA) is equivalent to that
j = 0, i. e., a˜ii < 1 for all 1 ≤ i ≤ s. That is, ‖A˜‖ < 1, and hence,
‖A‖ < 1. 
Now we discuss several particular cases of the main results above.
Remark 3.15. On Fock spaces Fp(C), i.e. in the case n = 1, there are
only 2 cases of entire functions ϕ(z) = az + b, a, b ∈ C.
- Case 1. a = 0. Obviously, Proposition 3.2 implies the correspond-
ing result in [17, Corollary 3.2].
- Case 2. a 6= 0. In this case, Corollaries 3.10 and 3.13 yield the
corresponding results in [17, Theorems 3.3, 3,4].
Remark 3.16. Corollaries 3.11 and 3.14 extend the corresponding re-
sults for composition operators on Hilbert Fock spaces F2(Cn) in [3,
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Theorems 1 and 2] to composition operators acting from a general Fock
space into another one.
4. Essential norm
In a general setting, let X, Y be Banach spaces, and K(X, Y ) be the
set of all compact operators from X into Y . The essential norm of a
bounded linear operator L : X → Y , denoted by ‖L‖e, is defined as
‖L‖e = inf{‖L−K‖ : K ∈ K(X, Y )}.
Clearly, L is compact if and only if ‖L‖e = 0.
In view of Proposition 3.2, Theorem 3.12 and Lemma 2.5, we only
study essential norm ofWψ,ϕ : F
p(Cn)→ F q(Cn) when 1 < p ≤ q <∞
and (ψ, ϕ) ∈ Wq.
Theorem 4.1. Let 1 < p ≤ q <∞ and Wψ,ϕ : F
p(Cn)→ F q(Cn) be a
bounded weighted composition operator induced by a pair (ψ, ϕ) ∈ Wq
with ϕ(z) = Az + b and rankA = s. Then
lim sup
z[s]→∞
ℓz[s](ψ˜, ϕ˜) ≤ ‖Wψ,ϕ‖e ≤ 2|detA˜[s]|
− 2
q
(
q
p
)n
q
lim sup
z[s]→∞
ℓz[s](ψ˜, ϕ˜),
where (as in Theorem 3.8) (ψ˜, ϕ˜) is the normalization of (ψ, ϕ) with
respect to the singular value decomposition A = V A˜U .
Proof. Since the operator Wψ,ϕ : F
p(Cn) → F q(Cn) is bounded, by
Theorem 3.8, ℓ(ψ˜, ϕ˜) <∞. Then lim sup
z[s]→∞
ℓz[s](ψ˜, ϕ˜) is finite.
Firstly we show that ‖Wψ,ϕ‖e = ‖Wψ˜,ϕ˜‖e. Indeed, for every compact
operator T : Fp(Cn)→ F q(Cn) we put T˜ = CU∗TCV ∗ . Note that T˜ is
also compact from Fp(Cn) to F q(Cn) and, by the proof of Proposition
3.4, we have
‖Wψ,ϕ − T‖ = ‖CUWψ˜,ϕ˜CV − CU T˜CV ‖ ≤ ‖Wψ˜,ϕ˜ − T˜‖
and also
‖W
ψ˜,ϕ˜
− T˜‖ = ‖CU∗Wψ,ϕCV ∗ − CU∗TCV ∗‖ ≤ ‖Wψ,ϕ − T‖.
Then, ‖W
ψ˜,ϕ˜
− T˜‖ = ‖Wψ,ϕ − T‖, which implies that ‖Wψ,ϕ‖e =
‖W
ψ˜,ϕ˜
‖e.
In view of this, it is enough to prove the theorem for those operators
Wψ,ϕ which are induced by (ψ, ϕ) ∈ Vq,s. In this case, (ψ˜, ϕ˜) = (ψ, ϕ).
Lower estimate. By contradiction we assume that
‖Wψ,ϕ‖e < lim sup
z[s]→∞
ℓz[s](ψ, ϕ).
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Then there exist positive constants N < M and a compact operator
T : Fp(Cn)→ F q(Cn) such that
‖Wψ,ϕ − T‖ < N < M < lim sup
z[s]→∞
ℓz[s](ψ, ϕ).
By the definition of lim sup, we can find a sequence (zj[s])j in C
s with
|zj[s]| ↑ ∞ as j →∞ so that
(4.1) lim
j→∞
ℓ
z
j
[s]
(ψ, ϕ) = lim sup
z[s]→∞
ℓz[s](ψ, ϕ) > M.
On the other hand, for each j ∈ N putting zj = (zj[s], 0, ..., 0) ∈ C
n and
using (3.2), we have
‖Wψ,ϕ − T‖ ≥ ‖Wψ,ϕkϕ(zj) − Tkϕ(zj)‖n,q
≥ ‖Wψ,ϕkϕ(zj)‖n,q − ‖Tkϕ(zj)‖n,q ≥ ℓzj
[s]
(ψ, ϕ)− ‖Tkϕ(zj)‖n,q.
Clearly, ϕ(zj) = Azj + b → ∞ as j → ∞. Then, by Lemma 2.5,
‖TkAzj+b‖n,q → 0 as j →∞.
From this and (4.1), we get
N > ‖Wψ,ϕ − T‖ ≥ lim
j→∞
ℓ
z
j
[s]
(ψ, ϕ) > M,
which is a contradiction.
Upper estimate. We fix a sequence of positive numbers (λj)j ↑ 1
and, for each j ∈ N, put Cj = CλjIn, where In is the unit n×n matrix,
that is,
Cjf(z) = CλjInf(z) = f(λjz), f ∈ O(C
n), z ∈ Cn.
By Corollaries 3.10 and 3.11, the operator Cj is compact from F
p(Cn)
into itself and ‖Cj‖ ≤ λ
−2n
p
j . Let us denote by I the identity operator
on Fp(Cn) and put Tj = I −Cj. Obviously, ‖Tj‖ ≤ 1 + λ
−2n
p
j for every
j ∈ N.
For any R > 0 and j ∈ N, using (3.1), we have
‖Wψ,ϕ‖e ≤ ‖Wψ,ϕ −Wψ,ϕCj‖ = sup
‖f‖n,p≤1
‖Wψ,ϕ(I − Cj)f‖n,q
= sup
‖f‖n,p≤1
(( q
2π
)s ∫
Cs
|Tjf(ϕ(z))|
qe−
q|z[s]|
2
2 ‖ψ(z[s], ·)‖
q
n−s,qdA(z[s])
) 1
q
≤ sup
‖f‖n,p≤1
(( q
2π
)s ∫
|z[s]|≤R
|Tjf(ϕ(z))|
qe−
q|z[s]|
2
2 ‖ψ(z[s], ·)‖
q
n−s,qdA(z[s])
) 1
q
+ sup
‖f‖n,p≤1
(( q
2π
)s ∫
|z[s]|>R
|Tjf(ϕ(z))|
qe−
q|z[s]|
2
2 ‖ψ(z[s], ·)‖
q
n−s,qdA(z[s])
) 1
q
= I(j, R) + J (j, R).
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On one hand, for J (j, R), by Lemmas 2.1 and 2.3, we have
J (j, R) ≤ sup
|z[s]|>R
ℓz[s](ψ, ϕ)
× sup
‖f‖n,p≤1
(( q
2π
)s ∫
|z[s]|>R
|Tjf(Az + b)|
qe−
q|Az+b|2
2 dA(z[s])
) 1
q
≤ |detA[s]|
− 2
q sup
|z[s]|>R
ℓz[s](ψ, ϕ)
× sup
‖f‖n,p≤1
(( q
2π
)s ∫
Cs
∣∣Tjf(ζ[s], b′[s])∣∣q e− q
(
|ζ[s]|
2
+|b′[s]|
2
)
2 dA(ζ[s])
) 1
q
= |detA[s]|
− 2
q sup
|z[s]|>R
ℓz[s](ψ, ϕ) sup
‖f‖n,p≤1
‖Tjf(·, b
′
[s])‖s,qe
−
|b′[s]|
2
2
≤ |detA[s]|
− 2
q sup
|z[s]|>R
ℓz[s](ψ, ϕ) sup
‖f‖n,p≤1
‖Tjf‖n,q
≤
(
q
p
)n
q
|detA[s]|
− 2
q sup
|z[s]|>R
ℓz[s](ψ, ϕ) sup
‖f‖n,p≤1
‖Tjf‖n,p
=
(
q
p
)n
q
‖Tj‖|detA[s]|
− 2
q sup
|z[s]|>R
ℓz[s](ψ, ϕ)
≤
(
q
p
)n
q
(
1 + λ
−2n
p
j
)
|detA[s]|
− 2
q sup
|z[s]|>R
ℓz[s](ψ, ϕ).
On the other hand, for I(j, R), we have
I(j, R) ≤ sup
|z[s]|≤R
ℓz[s](ψ, ϕ)
× sup
‖f‖n,p≤1
(( q
2π
)s ∫
|z[s]|≤R
|Tjf(Az + b)|
qe−
q|Az+b|2
2 dA(z[s])
) 1
q
≤ ℓ(ψ, ϕ) sup
‖f‖n,p≤1
max
|z[s]|≤R
|Tjf(Az + b)|
(( q
2π
)s ∫
Cs
e−
q|Az+b|2
2 dA(z[s])
) 1
q
= |detA[s]|
− 2
q e−
|b′[s]|
2
2 ℓ(ψ, ϕ) sup
‖f‖n,p≤1
max
|z[s]|≤R
|Tjf(Az + b)|
≤ |detA[s]|
− 2
q e−
|b′[s]|
2
2 ℓ(ψ, ϕ) sup
‖f‖n,p≤1
max
|ζ[s]|≤R1
|Tjf(ζ[s], b
′
[s])|
≤ |detA[s]|
− 2
q e−
|b′[s]|
2
2 ℓ(ψ, ϕ) sup
‖f‖n,∞≤1
max
|ζ[s]|≤R1
|Tjf(ζ[s], b
′
[s])|,
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where
R1 = max
|z[s]|≤R
|A[s]z[s] + b[s]|,
and the last inequality is due to the fact that ‖f‖n,∞ ≤ ‖f‖n,p for every
f ∈ Fp(Cn).
Now for each function f(z) =
∑∞
|i|=0 aiz
i with ‖f‖n,∞ ≤ 1, by the
Cauchy inequality for Taylor coefficients, for every r = (r1, ..., rn) ∈ R
n
+
and i = (i1, ..., in) ∈ N
n
0 , we have
|ai| =
1
i!
∣∣∣∣ ∂|i|f∂i1z1...∂inzn (0)
∣∣∣∣ ≤ max{|f(z)| : z ∈ D(0, r)}ri11 ...rinn
≤
max{e
|z|2
2 : z ∈ D(0, r)}
ri11 ...r
in
n
=
e
r21+...+r
2
n
2
ri11 ...r
in
n
,
where, as usual, |i| = i1 + ... + in, i! = i1!...in! and z
i = zi11 ...z
in
n and
D(0, r) = {z ∈ Cn : |z1| ≤ r1, ..., |zn| ≤ rn}.
It implies that
|ai| ≤ inf
r1>0
e
r21
2
ri11
... inf
rn>0
e
r2n
2
rinn
=
(
e
i1
) i1
2
...
(
e
in
) in
2
,
with a convention that
(
e
t
) t
2 = 1 when t = 0.
From this it follows that
I(j, R) ≤ |detA[s]|
− 2
q e−
|b′[s]|
2
2 ℓ(ψ, ϕ) sup
‖f‖n,∞≤1
max
|ζ[s]|≤R1
|(I − Cj)f(ζ[s], b
′
[s])|
≤ |detA[s]|
− 2
q e−
|b′[s]|
2
2 ℓ(ψ, ϕ) sup
‖f‖n,∞≤1
max
|ζ[s]|≤R1
∞∑
|i|=1
|ai|(1− λ
|i|
j )
∣∣(ζ[s], b′[s])i∣∣
≤ |detA[s]|
− 2
q e−
|b′[s]|
2
2 ℓ(ψ, ϕ)(1− λj)
∞∑
|i|=1
(
e
i1
) i1
2
· · ·
(
e
in
) in
2
|i|R
|i|
2 ,
where R2 = max{R1, |b
′
[s]|}.
Consequently, for every R > 0,
‖Wψ,ϕ‖e ≤ lim sup
j→∞
‖Wψ,ϕ −Wψ,ϕCj‖ ≤ lim sup
j→∞
(I(i, R) + I(j, R))
≤ 2
(
q
p
)n
q
|detA[s]|
− 2
q sup
|z[s]|>R
ℓz[s](ψ, ϕ).
Letting R → ∞ in this inequality we get the desired upper estimate
for ‖Wψ,ϕ‖e. 
From Lemma 3.5 and Theorem 4.1 we obtain the following result for
the case when A is invertible.
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Corollary 4.2. Let 1 < p ≤ q < ∞ and Wψ,ϕ : F
p(Cn) → F q(Cn) be
a bounded weighted composition operator induced by a pair (ψ, ϕ) ∈ Wq
with ϕ(z) = Az + b and A is invertible. Then
lim sup
z→∞
mz(ψ, ϕ) ≤ ‖Wψ,ϕ‖e ≤ 2|detA|
− 2
q
(
q
p
)n
q
lim sup
z→∞
m(ψ, ϕ).
In particular, Corollary 4.2 contains the corresponding result in [17,
Theorem 3.7] as a particular case when n = 1.
Remark 4.3. Suppose that (ψ̂, ϕ̂) is another normalization of (ψ, ϕ).
Then by Lemma 3.6, there is an s × s unitary matrix H such that
ℓz[s](ψ̂, ϕ̂) = ℓHz[s](ψ˜, ϕ˜) for all z[s] ∈ C
s. This implies that
ℓ(ψ˜, ϕ˜) = ℓ(ψ̂, ϕ̂) and lim sup
z[s]→∞
ℓz[s](ψ˜, ϕ˜) = lim sup
z[s]→∞
ℓz[s](ψ̂, ϕ̂).
Moreover, in the case 0 < q < p <∞, ℓz[s](ψ˜, ϕ˜) ∈ L
pq
p−q (Cs, dA) if and
only if ℓz[s](ψ̂, ϕ̂) ∈ L
pq
p−q (Cs, dA). Also
‖ℓz[s](ψ˜, ϕ˜)‖L
pq
p−q
= ‖ℓz[s](ψ̂, ϕ̂)‖L
pq
p−q
.
By these assertions, our results in Theorems 3.8, 3.9, 3.12 and 4.1 do
not depend on the choice of a normalization (ψ˜, ϕ˜) of (ψ, ϕ).
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